This paper presents mathematical models for tuberculosis and its dynamics under the implementation of the direct observation therapy strategy (DOTS) in Nigeria. The models establish conditions for the eradication of tuberculosis in Nigeria based on the fraction of detected infectious individuals placed under DOTS for treatment. Both numerical and qualitative analysis of the models were carried out and the effect of the fraction of detected cases of active TB on the various epidemiological classes is investigated. The results showed that, provided that the fraction of detected infectious individuals exceeded a critical value, there exists a globally stable disease free equilibrium. However, if this critical detection level is not reached, the disease-free equilibrium will be unstable even with the very high probability successful treatment under DOTS. The results showed that DOTS expansion in Nigeria must include significant increase in the detection rate of infectious individuals; otherwise the effect in reducing the incidence in Nigeria will not be achieved disregarding the tremendous efforts in any other direction, and the huge number of undetected cases will make DOTS insignificant with respect to tuberculosis control.
Introduction
Tuberculosis continues to cause a high mortality in humans, especially in developing countries, with Sub-Saharan Africa having the highest per capita level of incidence [20, 22] . In 1993, the World Health Organization (WHO) declared TB as a global emergency because of the rising deaths and infection rates. It is estimated that a third of the worlds population is infected with Mycobacterium tuberculosis; of the 1.7
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TB was assumed to be on its way out in developed countries until the number of TB cases began to increase in the late 1980s [28] . The causes behind this recently observed increase of the number of active TB cases are the subject for many studies (see e.g., [5, 8, 17] ). TB is an airborne transmitted disease. Mycobacterium tuberculosis droplets are released in the air by coughing or sneezing infectious individuals [28] . Tubercle bacillus contained in such droplets lives in the air for a short time (about two hours) and, therefore, it is believed that occasional contacts with TB-active persons (infectious individuals) rarely lead to transmission, and that the most secondary cases are the result of prolonged and sustained close contacts with a primary case. The case of a teacher-librarian with active TB who infected the children in her classroom but not the children who visited the library [24, 28] supports the assertion of the difference between the casual and the close contacts for there to be a transmission of the disease.
Latently infected individuals (inactive TB) become infectious (active TB) after a variable (typically long) latency period. Latent periods range from months to decades. Most infected individuals never [33] ).
progress towards the active TB state. On the other hand, an average infectious period is relatively short (a few months) and becomes shorter in developing nations due to the availability of treatment.
Model Formulation
We now proceed to formulation of a mathematical model that incorporates the detection and treatments under the DOTS program.
Typical TB treatment models are usually referred to as the SEIT (Susceptible -Exposed -InfectedTreated) models (for example see [29, 32] and the survey article of Castillo-Chavez et al. [9] ). To incorporate the DOTS implementation into this SEIT framework, we divided the infected class into two subclasses with different properties, namely the undetected infectious individuals and the detected infectious individuals. We will refer to such model a SEIJT (Susceptible -Exposed -Undetected Infected -Detected InfectedTreated) model.
Let S(t), E(t), I (t), J (t), T (t)
be the fractions of the susceptible individuals, the exposed (latent) individuals, the undetected and the detected infectious individuals and the treated/recovered individuals in the population, respectively, at time t. That is N = S + E + I + J + T is the total population. Let be the recruitment rate into the susceptible class, which could include immigrants and/or newborns that are uninfected. We assume that µ is the per capita natural mortality rate; then 1/µ is an average lifespan of healthy individuals in the population. Let d be the tuberculosis-induced mortality rate with d 1 being the rate for the undetected TB cases and d 2 being the rate for the detected TB cases, and let α 1 , α 2 and γ 1 , γ 2 be the per capita transmission rates for the susceptible class and the treated class, respectively. In this formulation, we also assume that the population is homogenous mixed, and all people are equally likely to be infected by the infectious individuals in a case of contact, and that transmission of the infection occurs with a bilinear incidence rate.
Furthermore, TB exhibits strong dose-dependent effects (e.g., the above mentioned case of a teacherlibrarian). To incorporate these into a model, we can assume that the length of the latent state inversely depends on the infective dose. In terms of a SEIJT model this means dependency on the number of the infectious individuals, and may be incorporated into a model in the form of the exogenous reinfection.
We assume that β 1 , β 2 are the effective transmission rate for the latent class due to exogenous reinfection, and that k is the rate of progression of the individuals in the latent state to active tuberculosis. We assume that ω is the fraction of those who are detected and treated under the DOTS program while the remaining (1 − ω) is the fraction of the infectious individuals who are not detected. We assume that all patients under the DOTS (the detected infectious) complete their treatment. Let r 2 be the recovery/treatment rate for the detected infectious individuals under the DOTS scheme. The fraction of those detected cases who were successfully treated under the DOTS is q, while p = 1 − q is the fraction of those whose treatment were unsuccessful and who thereafter join the latent class. The patients whose cases are not detected either die at the rate d 1 , or self-cure and revert to latent state at the rate r 1 after an average of 2 years [6, 7, 30] . We also assume that the individuals in the latent class can be recovered/treated with a rate r 0 . Figure 2 shows the transfer diagram for a SEIJT model based on these assumptions. The above assumptions and the flow diagram lead to the following system of nonlinear ordinary differential equations:
For a SEIT model, it is usually assumed that the transmission rate for the treated is lower than that for the susceptibles, that is 0 ≤ γ ≤ α. For instance, for sexually transmitted diseases that may reflect an additional protection which can be a consequence of education. However, clinical observations give no evidence that treatment provides any additional protection against tuberculosis. That is, for TB the transmission coefficients for the susceptibles and the treated are equal or have negligible difference. However, if γ i = α i , then the treated are equivalent to the susceptibles, and a SEIT model is equivalent to a SEIS model.
Furthermore, the nature of the exogenous reinfection is not clear in detail. For the sack of simplicity, we assume now that the dose-dependency directly affect the length of the latent state. We assume that a length of the latent period is (a · f (I, J )) −1 , where a −1 > 0 is the average length of the latency when I, J → 0, and f (I, J ) is a positive non-decreasing function such that f (0, 0) = 1. For simplicity we assume that f (I, J ) = 1 + β 1 I + β 2 J . The exposed individuals either are detected and enter J class with the rate ωk (1 + β 1 I + β 2 J ), or are not detected and enter I class with the rate (1 − ω)k (1 + β 1 I + β 2 J ), or recover and return into the class of the susceptibles with the rate r 0 ; or they die. Therefore,
With these assumption the SEIJT model (1) reduces to the following SEIJS model:
3)
Further we will study the properties of this SEIJS model, referring to the SEIJT model (1) where this will be possible.
Properties of the SEIJS Model, and Condition for Eradication of Tuberculosis
It is easy to see that the model (3.3), as well as the model (1), always has a disease-free equilibrium state (DFE) Q 0 with the coordinates S 0 = /µ, E 0 = I 0 = J 0 (= T 0 ) = 0. Apart from this equilibrium, both models can also have positive (endemic) equilibria.
If a model has a positive equilibrium state and this equilibrium is stable, then all the subpopulations tends to the corresponding equilibrium levels. The disease will persist endemically in this case. If the disease-free equilibrium state is stable, then the population can remain disease-free indefinitely (or as long as the conditions for the stability of DFE are valid). Moreover, if the disease-free equilibrium is asymptotically stable, then there is a critical level of the infectious population such that if the number of infectious individuals is below this critical level, then the disease cannot sustain in the population, and have to eventually disappear. The population will thereafter remain disease-free as long as the conditions for this stability are valid, even if the disease will be occasionally re-introduced into the population by migrants or travelers. The most favorable situation is, however, when the disease-free equilibrium in globally asymptotically stable; in this case the disease fades out from the population for any initial level of the infectious subpopulation.
The main goal of the DOTS is elimination of tuberculosis, or at least the reduction of the number of cases to an "acceptable" level. Therefore, in the terms of a mathematical model, the ultimate aim of DOTS is a situation when (i) there is no stable positive equilibria, and when (ii) the disease-free equilibrium is stable.
The properties of these models, and existence of the endemic (positive) equilibria depends on the socalled basic reproduction number R 0 , which is usually defined as the expected number of secondary cases produced, in a completely susceptible population, by a typical infective individual [14] .
It is remarkable that the basic reproduction rates for the models (1) and (3.3) are the same. The basic reproduction number can be computed using the next generation matrix approach (see [32] for detail). Using this approach, we find that for the models (1) and (3.3) the basic reproduction number is
where R 01 = hQ 1 and R 02 = hQ 2 , with
and
It is noteworthy that h is the fraction of the infected people who develop active TB. The properties of DFE are completely defined by the following Theorem:
, then the infection-free equilibrium state Q 0 is the only non-negative equilibrium state of this model, and it is globally asymptotically stable.
Proof.
1. Firstly, we prove that the region
is a positively invariant set and a global attractor of this system. That is, any phase trajectory initiated anywhere in the non-negative region R 4 ≥0 of the phase space eventually enters the region D and remains in D thereafter. We note that the non-negative region R 4 ≥0 is an invariant set of this system, and consider a Lyapunov function W (S, E, I, J ) = S +E +I +J . Using (3.2), this function satisfies
That is,
≥0 \D}, and hence, by the virtue of Lyapunov-LaSalle asymptotic stability theorem [19] , the set D is a global attractor and an invariant set of this system.
2. We note that the system has no equilibria outside of the region D. Indeed, the derivative of a Lyapunov function must be equal to zero at an equilibrium state, whereas dW dt < 0 for all (S, E, I, J ) ∈ {R 4 ≥0 \D}. 
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That is, R 0 ≤ 1 ensures that dU dt ≤ 0 holds for all (S, E, I, J ) ∈ D, where the equality dU dt = 0 holds only when S = S 0 . In the set D, the equality S = S 0 holds only on the straight line S = S 0 , I = J = 0; it is easy to see that this line is not an invariant set of this system, and that there is no equilibrium states of the system on this line. Therefore, by Lyapunov-LaSalle asymptotic stability theorem [19] , R 0 ≤ 1 ensures that the disease-free equilibrium state Q 0 is globally asymptotically stable in R implies that the largest invariant set of the system, which is entirely contained in the 3-dimensional space S = S 0 , is globally asymptotically stable. However, proving that the system has no invariant sets in the space S = S 0 is a non-trivial problem, and it is simpler, therefore, to introduce an auxiliary Lyapunov function W and prove that there is no invariant sets outside of the region D.
The global stability of the disease-free equilibrium state implies that for any initial level of infection the disease will eventually fade out from the population if R 0 ≤ 1 holds. This gives us the condition for the detection rate ω that is necessary for elimination of the disease. It is easy to see that R 0 < 1 holds if
, where c = µ + d 1 + r 1 and b = µ + d 2 + r 2 . R 0 > 1 implies that a single infected individual introduced into entirely susceptible population will produce an average more that one infected in the next generation; that is in this case the disease may invade and persists in a population. Standard linear analysis shows that when the basic reproduction rate R 0 is greater than 1, then DFE is unstable. That is a supercritical bifurcation occurs at R 0 = 1, and a stable positive equilibrium appears.
Parameter Estimation and Numerical Results
We now give estimations for the parameters of the model.
We set a year as an unit of time. The natural mortality µ is postulated to be equal to the inverse of the life expectancy at birth, which is now about 49 years in Nigeria [31] ; that is µ = 1/49 = 0.02041yr −1 . The recruitment rate controls the total population size because N ∼ /µ. We set = µ × 10 5 yr −1 [28] .
Per capita TB-induced mortality rate varies from country to country. That is around 0.07yr −1 in developed countries, but could be as high as 0.395yr −1 in some African countries [1, 27] . An intermediate value of 0.1yr −1 can be applied to most developed and developing countries [1] . For this simulation we set the TB-induced mortality rate for the detected infectious class to 0.395 yr −1 . The infected who are not detected either die (at the rate d 1 ), or self-cure (at the rate r 1 ) after an average infectious period of 2 years [7] ; hence, following [7, 15, 30] , we set d 1 = 0.3yr −1 .
We take the recovery rates as the inversion of an average period between the TB activation and the moment of recovery. We assume that the cases are either detected within 4 months after an infection, or are not detected at all [7] . According to Styblo et al. [30] , the time interval between TB activation and recovery by treatment is between 4 and 6 months, while in [16] the period of treatment is about 6 to 9 months. Either of these implies that r 2 > 1. If we take the treatment period to be equal to 6 months, following [29] , we have that the recovery rate r 2 = 2 per person-year. This may be compared with the recovery rate 1/0.67 = 1.5 per person-year that was used in [30] .
We will set r 0 equal to 1.5 per person-year. As it was mentioned earlier, the individuals with active TB who are not detected after an average of 2 years either die (with the rate d 1 = 0.3), or self-cure. Self-cure in this case refers to the active cases which revert to the latent infection state without being treated. Assuming that an average undetected infectious period is equal to 2 years and that d 1 = 0.3, Dye et al. [15] obtained the self-cure rate r 1 = 0.2 per person-year; we will use this figure.
The steady rise of the number of the notified cases of TB was observed since 1995 in Nigeria [33] . For the fifteen years the TB-induced mortality has quadrupled, from 24,461 death in 1990 to 99,938 death recorded in 2005 [33] . Since 1997, the DOTS treatment success rate q has stabilized at about 75% of all detected cases, while the estimation for the case detection rate has ranged from 11% to 21% in 2004 [33] . This figure is insufficient compared with the WHO target for high-burden countries like Nigeria, which is 70% case detection rate and at least 85% successful cure rate.
The fraction of the infected people who develop active TB, has been estimated to be between 5% and 10% in developed countries, while for developing countries this could be about 15%, and in some extreme cases could reach 30% [28] . For this study we set h = 0.15. Hence an average per capita rate of progression to active TB is
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) .
For the past eight years ω was ranging from 0.11 to 0.21 in Nigeria (the last value is the current situation).
With h = 0.15, we observe that this variation of ω does not make much difference in the progression rate: for these values of ω, k ranges from 0.2517 (for ω = 0.11) to 0.2527 (for ω = 0.21). Even with h = 0.1 (which is hardly feasible for a developing country), the progression rate does not change significantly.
Hence we can assume that the progression rate has been near constant over the last decade in Nigeria.
Estimating the transmission parameters α 1 and α 2 is the most difficult task. Usually these parameters are estimated using a known value of the basic reproduction number R 0 . The transmission coefficients can be chosen by matching them with Q 1 , Q 2 and the per capita number of the secondary infections produced by the active TB cases Q = Q 1 + Q 2 . Then, using
we have α 1 = c×Q 1 /(1−ω)µ and α 2 = b×Q 2 /ωµ, where 0 < ω < 1. Table 1 summarises the results for several scenarios corresponding to different values of Q. The effect of variation of the detection rate ω on the basic reproduction number can be seen from this Table. Apart from the transmission parameters, all the other parameters for this model were adapted from reliable demographic and epidemiological data on TB and DOTS implementation in Nigeria; the transmission coefficients are the only parameters with a significant degree of uncertainty. For the exogenous re-infection parameters we set β 1 = α 1 and β 2 = α 2 . Figure 3 shows the results of the numerical simulation for the model with the mentioned parameter values. This simulation shows the increasing number of the undetected cases, and the effect of this on the fraction of the latent infections. This simulation demonstrates an initial drop in the number of latent infections and detected infectious cases, which is followed by a gradual increase. This qualitative picture coincides with the existing clinical data that exhibit the increasing number of incidence in Nigeria in the last 10 years [33] . It appears that the high treatment rate for the latent and detected infectious classes accounts for the initial drop in both these classes. However, the continued presence of the huge pool of the undetected cases may likely have triggered the sudden rise in the number of latent infections and active TB cases in Nigeria. 
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Discussion and Conclusions
According to clinical data, in Nigeria currently the incidence of tuberculosis is on the increase [33] . Among other factors, that may be attributed to the failure to detect a huge number of active TB cases, which are primarily responsible for the spread of the infection. In order to control the incidence of tuberculosis, this issue must be addressed.
In this research, we have examined the effects of DOTS on the dynamics of tuberculosis vis a vis the fraction of the active cases detected. To explore the effect of DOTS, we formulate a mathematical model that incorporates the fraction of the detected cases undergoing treatment under DOTS and the other fraction that are not detected. The qualitative analysis of this model shows that there is a disease free equilibrium state, and that this equilibrium state is globally asymptotically stable provided that the fraction of detected cases exceeded a certain critical value ω c . This implies that the disease will eventually disappear if this critical level of detection will be reached. The obvious requirement for minimization of the incidence of tuberculosis is also increasing the detection rate. The results of numerical simulations support these conclusions: analysis and simulations show that the role of the case detection is crucial for reducing the incidence of TB. Increasing the probability of detection reduces the basic reproduction number, and hence the number of new infection; the critical detection level corresponds to R 0 = 1. The basic reproduction number R 0 is one of the basic concept of epidemiology, which usually determines behaviour of a disease in a given population. If the critical level of the detection rate is not reached, then R 0 > 1, and the disease will persist in the population endemically.
The obvious conclusion is that the improvement of the case detection must be on the list of priorities. Expansion of DOTS should not just concentrate on the improvement of the treatment alone, but emphases should be placed on detection as well. At the first instance, the dynamic nature of the programme should be used to introduce screening of close contacts of the detected cases to find out how many of these have latent or active tuberculosis. The approach of screening household contacts used by Becerra et al. [3] may be adopted for Nigeria. The objective of the study of Becerra et al. [3] was to find a better strategy for a high-incidence population in northern Lima, Peru. The results show that the tuberculosis prevalence detected through combined active and passive case detection among 1,094 household contacts was 0.91%, compared with 0.18% of cases detected through passive case finding alone. This implies that the risk of infection for the household contacts of a symptomatic case is very high, and that contact tracing may be a simple and inexpensive option for improving the case detection rates.
The current rate of 21% case detection in Nigeria is insufficient and in fact jeopardises all the efforts of the DOTS program. The impact of the enormous number of undetected case is not only seen in an increase in the incidence of active TB; there also is a large pool of the latent individuals, which is hardly surprising since the majority of secondary infections is caused by the undetected individuals. In fact, depending on the actual contact rate, bringing down the incidence of tuberculosis can require the case detection rate a little higher than 70%. This corresponds with the WHO recommendations and with figures in Table 1 .
The results of the simulations suggest that despite the improvement in tuberculosis treatment success rate achieved under DOTS in Nigeria, the high number of undetected cases remains a major obstacle preventing the long-term success of DOTS in TB control. Current WHO policy emphasizes passive case finding in contrast with the identification of cases through screening [3, 25] . This strategy has been based on the expectation that passive detection of individuals, who is ill enough to seek medical attention, is far more cost-effective than population-based screening, and that the compliance will be higher in those who have identified themselves as symptomatic [3] . However, the failure of national tuberculosis programs to detect the vast majority of new infectious cases suggests that active screening strategies should be reevaluated in an attempt to improve case detection and, thereby, to increase access to TB treatment [21] . Therefore, if DOTS has to be expanded, that should at least include screening of close contacts of the treated individuals. Subsequently, these should be placed under the DOTS scheme. Invariably, this will reduce the number of both the latent and the infectious individuals. DOTS must go beyond treatment; this programme should entail case detection as its essential part as well. DOTS in Nigeria and in developing countries in general will only make sense if the current treatment rate for detected infectious individuals is sustained, or even improved upon, and if a strategy targeted to increasing the case detection rate is used. Once an infectious person is detected, all close associates, such as family members, should be screened as well. Since the treatment success rate is very impressive in Nigeria, with the detection level ω c achieved, reducing the value of R 0 below one is possible.
Presently, we have to state that despite all efforts, DOTS has not succeeded in reduction of the incidence level of tuberculosis in Nigeria. We believe that the reason for this is that only a small fraction of the infected individuals are actually treated under DOTS, whereas the vast majority of the infected are undetected and actually causes an increase in the number of new cases. Therefore, the obvious conclusion is that DOTS service in Nigeria should be expanded to take care of case detection, as this will assist in reducing the burden of tuberculosis on the Nigerian economy and the community in general.
We also suggest that expanding DOTS onto the rural areas will be necessary. This have to include providing transportation for the patients to receive their medication and if possible screening of the families of these patients. Medical personnel can be paid to go to these areas to provide medication to the patients as well as to simultaneously conduct screening for the patients' contacts. At this instance, we do not consider the economic implication of adoption the findings. We have merely provided the condition for the case detection level for DOTS implementation that leads to reduction of the incidence of tuberculosis in Nigeria, or even it elimination.
DOTS as a strategy adopted by WHO, which is targeted to reduce the number of active tuberculosis cases as well as promote the proper treatment of the patients. The insights gained from analysis of the mathematical model formulated in this article can be useful in the study of the impact of DOTS and its relationship with case detection on the dynamics of tuberculosis in Nigeria or any other country. This may assist health and government authorities to plan improvement for the case detection which will help in bringing down the incidence and prevalence of TB in the country.
